The Bloch-state approach to atomic translational states is extended out of adiabatic following and Raman-Nath approximations, taking into account the possible transfer of population from the initially populated internal energy level. The presented theory suggests a notion of potential energy corresponding to the initially populated internal state, and makes a generalization in the treatment of energy spectrum band-gap structure. Applying the theory to off-resonant KapitzaDirac diffraction and two-pulse standing wave atom interferometer (for the study of noncoherent processes in the cold atomic gases) we discuss the ability of the present approach for large-angle split multipath atom interferometry.
Introduction
In general, the problem of a composite particle in external field does not split into separate problems for internal and external degrees of freedom (see e.g. [1] ). This problem, in particular, appears in one of the essential problems of contemporary atomic physics, namely, the behavior of atomic quantum states in a resonant field of laser radiation [2] [3] [4] [5] .
Here atomic translational and internal states appear interconnected. The reason for this entanglement is the fact that optical transitions between internal energy levels are invariably accompanied by changes in the momentum spectra. As a result, the quantum state equations digress from the Schrö-dinger-type, making general introduction of the notion of potential energy for each internal state or any combination of these states impossible even in case of simple two-level atoms [6] . The problem turns out to be exactly solvable only in case of a plane running wave, and the mentioned entanglement between the internal and translational states leads to a splitting of energy-momentum dispersion relation into two intersecting subbranches [7, 8] .
However in many applications,such as laser cooling and atom interferometry [9] [10] [11] [12] , we face, the challenge of having two counterpropagating waves as a laser field [13] . Approximate analytic solutions and corresponding potential energies here are known only for bordering far off-resonance (adiabatic following) [14, 15] and exact resonance [16] cases. For the adiabatic following case, the internal state population adiabatically stays on ground energy level and the atom behaves like a structureless particle. The exact resonance case is the contrary in a sense that potential energy is in line with symmetric and antisymmetric superpositions of two population probability amplitudes of internal energy levels. Both translational eigenfunctions are periodic Mathieu functions [17] with familiar energy bands and intervening energy gaps in their energy spectrum.
Scantiness of stationary solutions spreads to temporal solutions of the problem too. The evolution of translational states in the field of counterpropagating waves, the so called near-resonant Kapitza-Dirac diffraction, is analytically tractable when the population of the upper internal energy level is ignorable during interaction or when the resonance is exact. It should be noted that time evolution problem is examined in momentum representation too, which allows one to bypass the above-mentioned stationary states in coordinate representation. Unfortunately, this approach compels one to ignore the kinetic energy term from the problem totally (see, for instance, [18] ), or to discuss the problem in immediate proximity to this approximation [19, 20] . Being equivalent to immovable atoms approximation, this approach holds true for short interaction times only. That is, for timescales for which atomic displacement along the line of counterpropagating waves is short compared to the standing wave potential intensity modulation period (being a direct counterpart of thin grating Raman-Nath diffraction regime in optics [21] , it acquired the Raman-Nath denomination). Another drawback of the approximation is that cancellation of kinetic energy in the Hamiltonian lifts restrictions conditioned by the conservation of energy, and thereby lifts restrictions on the magnitude of matterwaves' splitting angles in the scattering problem. Lastly, Raman-Nath approximation, in analogy with the adiabatic following approximation, neglects the upper level population, which brings to the well-known Bessel-function representation for the diffraction probability amplitudes [11] (essential details are relegated to the appendix).
So, the present-day theory of the problem of a two-level atom in far off-resonant field of counterpropagating waves (standing wave), with or without restrictions on interaction times, totally neglects the transfer of population to the excited energy level. This paper reintroduces into the problem the (small, up to moderate) population transfers between internal states, developing a generalization of the Bloch theory for atomic states with a single-state population (see, e.g. [14, 22] ). Derived stationary-state equation still keeps the Mathieu form, but a new interpretation of the energy zonal structure is introduced. As to potential energy, the notion holds true for the initially populated ground energy level.
This work was actually preceded by a search for possible schemes for multipath atom interferometry, a promising branch of light pulse atom interferometry [23] , where higher sensitivity [24] can secured by an increment of the interferometers' enclosed area. As might have been expected, if the number of interfering paths is large, the resultant interferometric pattern may exhibit new and unexpected regularities even with small deviations from the applied approximation (in this case this means keeping the kinetic energy term and non-zero atomic excitation). Such a prospect in part has been confirmed in [25] , arguing that accounting for upper level excitation in Raman-Nath approximation yields a number of interesting momentum distributions, absent in the familiar Bessel-function limit [26] . In the second part of this paper we take the next step in this direction, clarifying the ability of multipath interference (with discrete Gaussian distribution in the momentum space) as a beam splitter out of Raman-Nath approximation. Furthermore, basing on such a splitting, we suggest and simulate a two-grating multipath interferometer, able to measure the temporal decay of coherence in cold atomic gas.
The paper is organized as follows: section 2 outlines the developed theory of translational stationary states of a twolevel atom in the field of counterpropagating monochromatic waves. Approximation assumes large values of resonance detuning relative to atomic kinetic energy (in  units) but not relative to total energy, as is assumed in the adiabatic following approximation. In section 3, the theory is applied to atomic Kapitza-Dirac diffraction problem to get appropriate for the multipath atom interferometry momentum distributions (acceptable switching times of interaction are also defined in this section). In section 4, we discuss a doublegrating light-pulse atom interferometer sensitive to temporal evolution of coherency in the source of atoms and conclusions are drawn in section 5.
2. Translational stationary states of a two-level atom in the field of counterpropagating waves We consider a two-level atom (of mass M) in an optical light grating formed by counterpropagating laser field waves of wavevector k, frequency kc w = and amplitudes E 1 and E 2 :
The transverse component of atomic center of mass (c.m.) motion is separated out in the problem and is irrelevant for the following discussion. Then the atomic state is treated by the following Schrödinger equation:
where the first term in bracket is the 1D c.m. kinetic energy operator, H r 0 ( )  is the free atom Hamiltonian (in the c.m. frame) and d  is the dipole moment operator. 
e e e e , ,  is the transition dipole moment. Translational and internal states are essentially entangled in equations (4a) and (4b). Spontaneous decay of atomic internal excitation as well as field polarizations are out of discussion.
The system (4a) and (4b) does not have exact analytic solutions in terms of known higher transcendental functions. Our approach to the problem solution contains only one stipulation: neglecting the kinetic energy operator term in equation (4b). It can be interpreted as condition of large resonance detuning relative to kinetic energy of atomic c.m. motion. The size of total energy, ingressed through the time derivative terms of equations, is clear of any assumptions. Thus we arrive to coupled equations
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where interaction parameters 1 z and 2 z are constant for monochromatic laser waves. Then, acting by operator i sign t ¶ ¶ + D on equation (5a), one obtains a separate equation for the lower-level wave function g , :
where .
Note that this is not a Schrödinger-type equation for g , ( ) h t function and does not preserve the normalization condition for the g , ( ) h t function only. Hence, unlike adiabatic following approximation, the present approach is characterized with a non-negligable transfer of population from one internal energy level to the other one during interaction. Equation (6) is the basis for the remainder of this paper.
The ansatz
, e x p i , , e x p i 7 Equation (9) has an essential disparity with respect to familiar applications in physics. It comes from the format in which energy appears in the equation. In ordinary physical applications energy is just the free coefficient a, while the coefficient q, which stands for the modulation depth of interaction, is energy independent. The structure of coefficients in definitions of (10) is different. The energy μ appears in parameter a in a nonlinear manner and participates in the determination of interaction parameter q. Thus we can state that the notion of atomic potential energy for the ground internal level is formally extendable out of adiabatic following approximation, taking into account non-vanishing excited level population. The 'price' for this is attribution of energy dependency to the potential. The Bloch-Floquet theorem, as is well known, allows to take basic solutions of the Mathieu equation (9) 
prime is the derivative with respect to variable η) [17] . We introduce some coefficients in order to transform the normalization onto the unity length of variable η, convenient for quantum mechanical applications: 
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From the homogeneity of equations one gets the familiar form of dispersion relation,
where the dimensionless energy μ enters through parameters a and q. Equation (14) determines the zonal structure of energy spectrum, where two limiting conditions P cos 1 ( ) p = and P cos 1 ( ) p = -determine the borders between stable (allowed) and unstable (forbidden) solutions [17] . Each of these conditions is satisfied twice, and thereby four 'types' of border solutions are possible in general. Let us list them in the order of increasing energies:
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, c e , . The difference from the familiar picture (see, e.g. [14] ) refers to the geometrical interpretation of energy bands and energy gaps on the (q a , ) plane. The parametric curve a a q ( ) = (intersections of which with the borders of stability regions patterns the zonal structure of energy spectrum) is not a straight line parallel to a-ordinate axis as it was in the familiar case. Now it is a curved line, and the width of any energy band (or gap) is determined as the length of the leg between the bottom and upper points of its intersection with the borders of the energy zone. In addition, the values on q-abscissa do not meet uniquely the depth of field intensity but are energy-dependent.
Hence, equation (12), with (13) and (14), concludes solution of the problem corresponding to internal ground energy level. Excited energy level solution follows immediately from equation (5b), subject to ansatz of equation (7).
Temporal solutions: application to near-resonant Kapitza-Dirac diffraction
We now turn to the solution of the temporal problem
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bearing in mind its application to the problem of KapitzaDirac diffraction of a two-level atom [27] [28] [29] prepared in a discrete family of momentum states.
(do not confuse the latter notation with the notation in equation (7)):
where the orthonormality condition 
Note that sometimes it is convenient to take the integral over the energy space, instead of quasimomentum one.
Then the transformation formula 
where g , ( ) h t ¢ already is a known function of time.
Let us now apply these results to the problem of nearresonant Kapitza-Dirac diffraction, where a two-level atom for a limited time τ scatters on an optical lattice of nearresonant frequency. The atom is assumed initially to be prepared in a discrete Gaussian superposition of momentum states and residing on the ground energy level: It is periodically modulated in space, shares the 2 l -period of the field intensity and thus can be realized by slowly loading a Bose-Einstein condensate (BEC) into the optical lattice. Parameter p g denotes the mean value of initial momentum (in units of k  ), while the second parameter α specifies the spatial shift of incident matter-wave distribution pattern relative to the diffracting lattice distribution pattern. The latter one plays, as expected, a dominant role in formation of diffraction picture. Substituting this distribution into equation ( We will restrict ourselves to the important case p 0, g = i.e., perpendicular incidence of matter wave on the optical lattice. Then the contributing set of energy levels are situated at the P = 0 borders of energy bands and correspond to the above-mentioned cases (i) and (iv). First of them pertains to the odd numbered energy bands and the second one-to the even numbered energy bands. As the summation in equations (21) and (22) is split into two families with odd and even s n -we come to 
It has to be noted that equations (25) and (26) are applicable not only for the initial distribution of equation (20) but for any incident distribution g ( ) h which has the same periodicity as the diffracting optical potential.
Near-resonant Kapitza-Dirac diffraction with a discreteGaussian initial distribution has earlier been studied in Raman-Nath approximation and the study led to a monotone expansion of momentum distribution [26] as well as to its two-bunch splitting [25] , providing an opportunity to be of a practical interest for multipath atom interferometry. Our numerical calculations, implemented on the basis of equations (25) and (26) confirm the mentioned results only for short interaction times. For longer times the picture is different: the momentum expansion stops (due to energy conservation in our theory) and makes slow oscillations with scaling up irregularities in the distribution picture. Note that such timing for Kapitza-Dirac diffraction is well known in case of single-momentum incident beam and has been predicted based on numerical solutions in [28] [29] [30] , and observed experimentally in [31, 32] . This assures a high quality position for the present approximation in the diffraction problem.
Figures 1(a) and (b) compare Raman-Nath and presented in equations (25) and (26) approximations. Phase shift parameter α is taken as null, i.e. no spatial shift of incident matter wave modulation relative to the diffracting field intensity modulation is assumed. In the case of this geometry, the main attribute is the broadening of momentum distribution. A difference relative to Raman-Nath approximation appears even in short time limit: the momentum distribution in fact expands more rapidly. This is a new and welcome ascertainment from the viewpoint of experimental implementations.
It is interesting that the first stage of momentum expansion goes to a table-size form, as in figure 2 . This is the maximum expansion size possible. For longer times, as noted earlier, the oscillation distribution gradually yields a chaotic pattern.
To the smoothness of light-pulse envelopes
The presented approach assumes instantaneous switching of interaction. It effectively breaks the interaction adiabaticity and thereby creates favorable conditions for creating high orders in the atomic diffraction spectrum. Indeed, any redistribution in the momentum space automatically means a corresponding quantum transition between the translational energy levels, demanding thereby a failure of adiabaticity in the state evolution. As the grain of translational energy is the recoil energy k M 2 , where T i and T f characterize the switching on and switching off of the interaction, i t and f t are durations before and after the pulse peak value is achieved, respectively. The RamanNath approximation of the two-level problem [34] gives enough grounding to handle the problem. It ensures that the stepwise approximation is acceptable above the value 10 3 for the inverse of parameter
Below it, the momentum expansion is gradually cancelled and near the value ten loses interferometric attractiveness.
Simulation of a double-grating multipath atom interferometer
Now we proceed to a scheme of a two-pulse multipath atom interferometer [35, 36] , with qualitatively new features that arise in the discussed case. The cold atomic gas is assumed to be initially prepared in Gaussian superposition of discrete momentum states using standing wave periodic potential of a consistent depth in a wide-spread and shallow time-orbiting potential trap. The interferometric part presents a pair of pulsed standing waves (composed of counterpropagating waves) separated by a variable delay time and applied to the matter wave of the atomic cloud. The first pulsed standing wave (as a phase grating) transforms the initial wave packet into a new family of momentum states, as described previously in section 3. The second pulsed standing wave splits each of these momentum states. Thus, the probability of having atoms in any given final momentum states is a result of interference of many momentum-space paths. Simultaneously with the second standing wave, the trapping potential is switched off from the interaction picture and after free timeof flight expansion for few milliseconds, the resultant momentum components no longer overlap in the coordinate space and are assumed to be imaged by resonant absorption imaging.
So, the principal stage of the inferred atomic interferometer is composed of two parts: first is the effect of standing wave pulses on prepared atomic matter wave and second is the atomic matter wave time evolution between interactions with standing wave pulses. For more specific discussion we assume that the object of our interferometer is measurement of characteristic times of decoherence in the cold atomic sample. As will be concretized later, durations of both pulsed standing waves are much shorter than the anticipated times of decoherency, and it enables us to employ equations (25) and (26) to scattering processes. Decoherence shows itself between the pulses and may be modelled as free from the trapping potential in the adopted shallow potential approximation.
Our numerical simulations are carried out for sodium 589 nm ( ) t = is the momentum state amplitude immediately after application of the first pulse (see equation (25)). So each momentum state acquires completely deterministic phases exp(−i4n 2 ω r τ) during the evolution. It is important for our interferometric proposal that the wavefunction temporally can be reconstructed at multiples of 2 , t = (corresponding to about 2.4 μs) then after diffraction on the second standing wave pulse, all odd diffraction orders disappear. This is a specific result for multipath interference in momentum space and assumes maintenance of coherency in all stages of evolution In this idealized case after each Talbot time added to the intermediate stage longer periodic picture will be formed. However, the presence of decoherency increasing the dephasing between the momentum states should gradually yield fringe blurring as a diffusion-type equalization of populations in adjacent odd and even diffraction orders. The minimal intermediate time 0 t is much smaller than the expected time d t of decoherence and thus can be used as the reference measurement point. Ensuring this, our method supposes to go ahead with Talbot interval steps T t up to chaotic equalization of even and odd order populations.
To include decoherency into the theory, we introduce a phase-factor e ia in the probability amplitude G n of equation (28) . For the real-valued parameter α is chosen a partition law r a = r R exp 2 , 
Summary
We presented an analytic approximation for the translational stationary states of a two-level atom in the field of laser counterpropagating waves. It is beyond the familiar RamanNath and adiabatic following approximations owing to acceptance of some transfer of population between the internal energy levels. The problem of eigenstates is formulated and solved within the limits of Mathieu equation with a 'curvilinear' treatment of the band structure of the energy spectrum. For relatively short interaction times, the theory justifies earlier obtained results about the two-bunch momentum splitting and monotonic expansion of initial discrete-Gaussian distribution in the field of off-resonant counterpropagating waves. For longer interaction times the energy conservation comes into play, restricting the size of spreading momentum states due to diffraction. The advantage of the present theory to be used in the modelling of multipath atom interferometers is justified, applying it to the problem of incoherence in laser cooled atomic gases. 
